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:ions on the Heisenberg spherical harmonics
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’his paper collects a large deal of what is presently known about
.cal harmonics on the Heisenberg group and the related functions

', It contains both new results and new approaches to old results.

1iouﬁ%) ar
ised. Next a new approach to Kordnyi's Kelvin transform on the

orthogonality properties and generating functions for C e
\berg group is given. After a treatment of Heisenberg harmonics, the
1 transform is applied in order to obtain a new proof of Dunkl's ex-
m of the translate of the fundamental solution for LY. Finally it
wn that, if the Dirichlet problem for LY on the Heisenberg ball is
(a,B)

yle, then the related functions Ck form a complete system.

JRDS & PHRASES: spherical harmonics on the Heisenberg group; functions
Céa’B); Kelvin transform on the Heisenberg group;

the subelliptic Heisenberg Laplacian LY; Green's for-

mula for LY; Dirichlet problem for LY on the Heilsen-

berg ball; expansion of translate of fundamental so-

lution for LY; completeness of the functions Céa,B)‘
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'RODUCTION

’his article is concerned with the functions 6 & Céa’s)(ele),

€, k=20,1,2,... and 0 < 6 < 7, defined by the generating function

16)70 (|_poi0)B o ] K Céa,e)(eie).

k=0

(l—re_

éu,B)_S comes from the Dirichlet

‘he impetus for the study of the C
m for a class of second order differential operators, LY’ on the
berg group Hn' Hn has underlying manifold ¢" x R and the non-abelian
lication

(z,t) (2',t') = (z+2',t+t"+2Im z-2'),
?=] zjza. With this group law the groups

m the simplest class of non-commutative nilpotent Lie groups. Define

z = (zl,...,zn) and z-z' :=)

] . = 9 . .
Z, i =—+1 2. —, J = ly.eeoDle
oz. ot
J i J

32 3L sl

- fields on Hn' Set

’ g%& is a basis for the Lie algebra of left-invariant

= = . )
2.2.+2.2Z.) + 1 v — .
( 11 11 LY

left-invariant with respect to (0.2) and invariant under the natural
. of the group U(n) on the z-coordinates. Given R > 0 one introduces
lation R: (z,t) ™ (Rz,th). Then L is homogeneous in the sense that
) = RZ(LYf)OR for any smooth functzon f.

y is not elliptic. Nevertheless, FOLLAND [5] (for y=0) and FOLLAND &
[6] showed that LYhas a fundamental solution at any u in Hn:

L(u)
Y

-1
@Y(V u) = G(V), u,v € Hn’ ty # n,n+2,...,

0 ((2,0) i= e (2|31 HET (|5) g )




or some constant S

There is a great deal of similarity between LY on Hn and the usual
?=1 32/8x§ on R" (cf. [97). To deepen the analogy
e say that f is H-homogenous of degree k if

aplace operator, A := Z

0.7) £(Rz,R°t) = RS £(z,t), R >0,
nd that f is LY-harmonic if
0.8) L £ =0.

f vy # n,n+2,n+4, ... LY—harmonics are real-analytic. This follows from the
nalyticity of @Y away from the origin. Hence an LY—harmonic has a conver-
ent power series expansion near the origin. In analogy with A we consider
ne power series as a sum of H-homogeneous Ly-harmonic polynomials. Such
olynomials were first described in [9] where the discussion was restricted

1
eneous polynomials of degree m uniquely splits as a direct sum of irredu-

o H,. DUNKL extended this to Hn in [3]. The space of LY—harmonic H-homo-

ible subspaces under the action of U(n). In spherical coordinates adapted
o} Hn, the functions in these irreducible subspaces factorize and one of the

actors is a function Céd,B)

. Dunkl also expanded @Y(v_lu) in a series of
-homogeneous LY—harmonic polynomials in u whose coefficients are functions
f v, which are H-homogeneous Ly—harmonic functions near infinity, and
ingular at the origin. This is in complete analogy with such an expansion
f the classical Newtonian potential, Ix—y]_n+2, in a double series of
pherical harmonics on ﬂfl, which are Kelvin transforms of each other. It
dtivated us to introduce an analogue of the Kelvin transform on Hl' In-
zpendently, KORANYI [17] introduced a Kelvin transform on Hn’ guided by
roup theoretic motivations. Unfortunately, this transform does not operate
adially, thus there is no obvious way it can be used to solve Dirichlet's
roblem for LY in the unit Heisenberg ball {(z,t) € Hn ] |z|4+t2 < 1}.
Using probabilistic methods GAVEAU [8] showed that the Dirichlet
roblem for LO has a solution in the Heisenberg ball in Hn. An analytic
roof (also for certain LY) was later given by JERISON [12], [13]. Heuris-

ically this result suggests that, by restricting the H-homogeneous LY_




ni¢ polynomials to the surface of the unit Heisenberg sphere one o
a "complete'" system of functions. More precisely, introducing sph
oordinates adapted to H_, we are interested in the "completeness"

. n
(a,B)(ele)}

ystem {6 = C on (0,m) (see [9]). We note tha

v k=0,1,2,...
the Céa’s)

-s on Hn are the analogues of the Gegenbauer polynomials
Finally, a short outline of this article is in order. Section 1 di

s analytic properties of the Céa’e)

-s, integral representations, b
r generating functions, and orthogonality on [0,2nr], originally fo
SPER (see [7]). Section 2 is devoted to a discussion of the Kelvin
form on Hn (in a way which is even more group theoretical and less
tational than in Koranyi's approach), while in sections 3 and 4 we
late the LY—harmonic polynomials and discuss Dirichlet's problem.
ly, in chapter 5 we expand @Y(v_lu) in a sum of products of harmon
zero and of harmonics near infinity by the use of the Kelvin trans
This yields a new proof of Dunkl's expansion. Next, knowing that
»n kernel in the Heisenberg ball exists for LO’ we show that its

ical harmonics are dense in the class of continuous functions on t

e of the unit Heisenberg ball.

vledgement. We want to thank C.F. Dunkl and M.E.H. Ismail for givi
tess to unpublished results and permission to use these results in

aper.
ALYTIC PROPERTIES

dJefinition of the functions Céa’s)

For complex o,B the functions Céa’s) (k = 0,1,2,...) are defined b
:nerating function

I O R R R A e O NP R P I T

k=0
llows immediately that

k {a), .(B). . .
(asB) _ k-3 "3 k=3 ]




(a)k—j(s)j ei(zj—k)¢

R EE b e

. k

1.3) cé“’e)(el¢) =

j=0

ere we follow GASPER's [7] notation. GREINER [9], who

hese functions, denoted them by Hi’n(aam,n,keZZ,kZO).
8.7)] with (1.1) we find

(-(a—l)/Z,n+(a-l)/2)(ei¢)

Ck

1.4) Hé“’“)<ei¢) =

C(-n—(a—l)/z,(a“l)/z)(ei¢),

k

From (1.3) we obtain:

1.5) cé“’s)(—ei¢) = (—l)kC£“’B)(ei¢),

1.6) ol (el = B (™) - cﬁé’&)(ei¢) S

1.7) (B (e - E%;E e F (k.8 1makse )
- f%;E e P (k,as1-p-kse 2

1.8) Céa’B)(l) = (a;?)k .

pecial cases are

1.9) cé“’“)(ei¢) = C) (cosg),

here ci denotes a Gegenbauer polynomial,

1.10) cé“’o)(ei¢) = (i:$ e 1ko

1.11) céo’e)(ei¢) = E%;?-eik¢.

'inally, by (1.3) and (1.8) we have:

introduced

wparing [9,

o710y

eees—k+1)

eeoy—k+1)




Clal+181),

‘Céu,e)(eiq))l < Clglal,lel)(l) = o

- oalal+lsl-1y

as

k +> o,

Irthogonality properties

n this subsection we give a new proof of GASPER's [7] orthogonalit

ie functions Céa,B)

and we show that there is some more freedom in
wice of the weight function. In the special case B8 = o + | we get

onality which was earlier obtained by ASKEY [2].

1.1. Let a,B € €, Re(a+B) > 0, k € {0,1,2,...},£ € {-k-1,-k+1,...,
‘1}. Then

o+B-1

T
J Céa’s)(ei¢)ei(£+8_a)¢(sin¢) do =
0

e%i(-a+8-l)n

at+B-1

7wl (a+B+k)
T(B)T (a+k+1)

e%i(—a+8+l)ﬂ

§ +

9 £,-k~-1

I (a+B+k)
B_lr(a)F(B+k+1)

o+t 6

9 £,k+1"°

Let I denote the left hand side of (1.13). Then, by (1.7):
1: -
ezlﬂ(a+8 1)((1)k T

g
I = T JF (k.85 T-a-kze™™®).
1
20*B= e J

. ei(ﬂ-k—2a+])¢(]_e2i¢)a+8—1d¢ -
e%in (a+B-2) (a)k(0+)

= 2a+8k: 2F](-k,B;]—a—k;z):

. z%(ﬂ—k—l)—u a+f-1

(1-2) dz (Osargz<2m).

tution of the Rodrigues type formula

_ ) . Yeqoond o 1 dike y+k, o 8+k
ZFI( k,k+y+8+1;y+1:2z)z' (1-2) (Y+])k (dz) [z (1-2) ]




cf. [4, 10.8(10),10.8(16) 1) yields

. - (0+)
Yim(a+B-2) k
2 (-1) J d. k. -a
1=5 () Tz *(1-2)
a+8 1 dz
297 Pyt 1

o+B+k-1

1.

. z%(k+£_l)dz.

epeated integration by parts yields I = 0 if £ = -k+1,-k+3,.
= -k-1 then

o (0+)
Him(a¥B-2) | k J e S NS

I = otB

dz,
2 1

hich can be evaluated by [4,1.6(9),1.5(5),1.2(6)]. Finally,

= k+1 follows from (1.13) for £ = k-1 by the transformation

ion variable ¢ - m=¢ and by (1.5), (1.6). O

ROPOSITION 1.2. For complex c],cz,a,B with Re(o+B) > 0 let t

unction w be defined by
w(d) = w(p+m) := ¢=:].'(B_-0L)d>(c]eid)+c2e_i¢)(sind))OH-B_1

hen, for nomnegative integers k,L:

2m
1.14) J c B (e B e yup)ap
0 _ [ _ €\ e%i(—a+8+])ﬂﬂr(a+6+k) s
\B+k atk) a+B=2;( yrpyit k,L

ROOF. Because of (1.5) it is sufficient to evaluate the inte
eft hand side from O to m for k—-£ even. This can be done by
1.3) and (1.13). 0O

GASPER [7] showed that
T
J Céa’s)(el¢)el(£+8—a)¢(sin¢)a+8d¢ -0
0

or £ = -k+2,-k+4,...,k~2, which is implied by our formula (1

\1se

itegra-

ght

.t the

e of

and ne




he derived the case c, = ¢, of Prop.l1.2.

PROPOSITION 1.3. If Re(a+B) > 0 then

™
(1.15) J eik¢céa,8)(ei¢)e—1ﬂ¢cés—l,a+l)(e51¢)e1¢(8—a—1)(Sin¢)a+3—1d¢ _
0

13 (et
) ezlﬂ( a+8 l)nr(u+8+k) .

2=l n ) T () k!

k,£ °

PROOF. If k > £ then substitute (1.3) for CEB_I’G+I)(e_l¢) and apply (1.13).
If k < £ then make the change of integration variable ¢ » m-¢ in (1.15),

substitute (1.3) for C, and again apply (1.13). [

k

COROLLARY 1.4. If a > -} then

™
(1.16) J eik¢cé“’a+l)(ei¢)ei£¢cé“’“+l)(e1¢)(sin¢)2“ a
0

' (20+k+1)

= 5 [
29%T (a+1) T (a+1)k"

k,2°
PROOF. (1.15) with B = a+l1. [

Formulas (1.15), (1.16) were given by ASKEY in [2] and [1], respective-
ly. Note that (1.15) and (1.16) give a biorthogonality respectively orthog-
lkcbC(o"B)(eld)) on (0,m) and that (1.14) gives

an orthogonality for the functions ¢ H-Céa’s)(el¢) on (0,2w). However, what

onality for the functions ¢ b e

would be needed for the applications we have in mind and what is unfor-
tunately unknown is a (bi)orthogonality for the latter functions on (0,w).

Formula (1.13) implies yet another orthogonality:

PROPOSITION 1.5. Let Re(a+B) > 1. Then, for £,m ¢ {0,1,...,k}:

™
(1.17) J (sin) 00 E D (1) (sing) Mol m I (10
0

. (sin¢)a+8_2ei(8_a)¢ d¢ =

e% im (B'a) (u+6+2£)k_£ﬂr (G+B+Z€- D
= 2a+8+2£'2

Sp
(k=£) 'T (a+2) T (8+L) o




ROOF. In the case £ # m apply (1.13). In the case £ =m (1.1 1 also

sed in order to rewrite the left hand side of (1.17) as

m
e E ay J el HE (1) (aing) HEHHLIGT 4gy
0

vy (1.7), (1.8) and [4,1.5(29)] this becomes

e% im(8-a) (0L+B+2£)k_£ (B+a@)k_£ﬂF(u+B+2,@—l?

2a+3+2£‘2(k_ﬂ)[(k-ﬁ)!F(a+£)T(3+£)

. 2F](—k+£,—8—£+1;~8—k+1;1).

lnally apply [4,2.8(46)]. 0O

The above proposition tells us that the functions ¢ b (s éfzz,ﬁ
:1¢) £ = 0,1,...,k) form an orthogonal basis on [0,7] for t ce of
rigonometric polynomials f of degree < k satisfying f(¢+m) = £(¢).
.3. Integral representations

ISMAIL [11] derived the following Laplace type integral entati

(a,B) , i¢ m ‘
C. 7" (e™")
k _ T (a+B) . . k
[.18) C(a’B)(l) T T (8) (cos¢+isingcosy)
k 0
. (siniw)za_l(cos£w)28—]dw, Re o > 0, Re B > 0.
>r the proof note that
(cos¢+isin¢cosw)k = (el¢c032£w+e-l¢sin2%¢)k,
rite down the binomial expansion of the right hand side, use eta in
sgral and apply (1.3).
More generally we have
T
T'(a+B) . . k _(a-1,8-1)
[.19) FT&TF?ET’J (cos¢+isingcosy) Pﬂ (cosy)
0

. (sin%w)z“"‘(cos%w)zs’ldw =




_ k'(d)z(B)K 2 ) (ot'h@ B+£)( 1¢) N . 0. R . 0
= ZTY&:ESEZZ' 151n¢ s he Q ’ e B 3
Péa-l,B—l) is a Jacobi polynomial. For the proof substitute the

jues type formula for the Jacobi polynomial into the left hand side of
, perform integration by parts and reduce to (1.18).

'rom (1.19) we obtain the Jacobi series expansion

(cos¢+isin¢cosq))k =

k  (28+a+B-1)k! (a+B)
) EZO (C+a+B=1) (a+B)

(2ising) C(a+£ B+£)( l¢)P(a 18- 1)(c:o sy) .
k+L

= B these three formulas reduce to well-known formulas for Gegenbauer
mials.

lecause of Prop.l.5, the right hand side of formula (1.20) can be viewed
louble orthogonal expansion of the left hand side, with respect to the
‘e (sin¢)a+8-2ei(6_a)¢d¢ on (0,m) in the ¢-variable and with respect

20-1 (c

: measure (siniy) os%w)zsmldw on (0,7) in the y-variable. Hence,

17) the following formula is also an integrated form of (1.20):

a+ -2 X
(cos¢+isingcosy)

m
T (a)T(B) J
(B-a) T (a+B-1)

zlﬂ
Cég.%’ B""e) (ei¢) (sin¢)a+8+£_2ei(8—a)¢d¢ =

(k) ) (a+B-1) -1 a-
£ £ Péa 1,8 l)(coslp).

N A
(2)" (@), (8),
. Mehler-Dirichlet type integral representation

_; ~(o,B)
HiB)e (sing)®BT G ¢
o) (B
k

ei¢)
(D

4 a-1 B-1
_ J (sin(¢-6))" ~ (sin®)”  _i(k+}(a+B)) (26-¢)
I'(a) re)

de’
0
0O<¢<my, Rea >0, Re B >0,

. derived from (1.18) as follows. First make the substitution




= cos¢+isingcosy in (1.18), next deform the con
-i¢ . -i¢p 216 .

and finally put z = e e . Note that, in
1.3): the rdole of k and ¢ is interchanged. Reduc

gain gives a familiar formula for Gegenbauer pul

.4. Bilinear generating functions

Appell's hypergeometric function Fl is defin

eries

® (@) . (B)_(B
].23) F](asBQB':Y;Xsy) = 2 e G
m,n=0

1 1
(Y)m+nm.n.

hich converges for [x|,|yl| < 1. By the integral
alid for Re o > 0, Re(y-a) > 0, the function Fl(

ytic continuation to a one-valued function on {(

EMMA 1.6. If Rey >0, z ¢ €, |z| < 1 then

©  (3),
1.24) ) S
k=

2k (a,B), i¢ - igy -
. z;:;y;~z C2k (e ") (1+ze™ ")

( 2ze_i<‘> 2ze:-,L¢ \
- F Bs2v3 s — ).
l\Y’a’ s £Y 1+ze—l¢ ] 1+zel¢ /

ROOF. We prove (1.24) for z = r with 0 < r < 1.
z] < 1 follows by analytic continuation in view

ation yields

4) t
k 2k _ T(y+}) _1-2y J 2.2
1.25 1 = ———JL——r— r -
T TTorh T (o)
-r
hus, again in view of (1.11), the left hand side

r(y+dyr! "2 i 2 2.y-1 «
sehel 2 [ (2 ]

2k (a,B
TOTMD Lo C

2k
-r

hich, by the use of (1.1), can be written as

1y =2y z _ e

-r

o an arc fro
e, (1.22) is
o the case o

1s.

the double p

L n
Y9Y7£0’_1
entation [4,

sYs+5.) has
2
¢ x,y ¢ [1

-i¢)-a.

he general c

11). An easy

dp.
.24) equals

do,




11

By making the change of integration variable t = %i?-this equals

2y-1 . .
277 T(y+3) —igy-a ip =B
TT(y  rre ) (Tre )
1 )
J (e(1-£))Y" 1/1 -t \ {1 -t ——Eii—\_s dt
0 \ } \ ]+rel¢/’

Now (1.24) follows by the use of [4,5.8(5)]1 and [4,1.2(15)]1. 0O

Because of [4,5.10(1)], formula (1.24) can be simplified in the case
Y = 3(a+B):

e (3)
27k (a,B)
(120 kZo (1 (a+p+1)) C2k e =

= (1+Ze_i¢)_a(1+zei¢)%(G—B)(l-zei¢)—%(a+8)-

-ip_ i¢
. 2F]<%(a+8);a;a+6; -Zz(e e ) \ s

(]—zei¢)(1+ze—i¢)/

Re(a+B) >0, z e €, |z| < 1.

. o . . . . a
Next we derive a bilinear generating function involving C( 8)

the Gegenbauer polynomial Cl.

and

THEOREM 1.7. If Re y > 0, z e €, |z| < 1 then

© . cY (cos¢)
(1.27) ] Fcl®Beth L ¥ (v,a B,2v;
k=0 cY(1) .

. 2ize_lesin¢ 21ze 31n¢\ ze‘i(9+¢))‘

I CCEn BLR (e U AL

@ (-pel (B=0) 8

PROOF. We prove (1.27) for |z| < i. Then the more general case |z| < 1 will

follow by analytic continuation in view of (1.11). We will start the proof

with an additional parameter § (Re§>0) and, at a certain stage, we will put

§ = vy. It follows from (1.18), (1.11) and (1.1) that




_ C(Y,G)(ei¢) - _
zkcéa,s)(ele) k( - - zkcéa,s)(e1¢)
0 ckY’ (1) k=0

(cos¢+isin¢cosw)k(sin%w)ZY—](cos%¢)26_l dy =

T
%%;%%ES'J (l—ze—le(cos¢+isin¢cosw))—a .
0

1--zeie(cosq>+isim1)cosw))“‘B(sin%tp)2\(_1(003%11;)26“1

B

I (y+$) (l-ze_iecos¢)_u(]-zeiecos¢)- .

(MTs)

ize_lesin¢cosw\_a/ :'Lzelesinducosxp\"B
{ 1- 1'— . °

-1 )

\ 1-ze ~ cos¢ ) l-zelecos¢

sind) Y N cosu) 2671 ay =

T(y+6)

T?TF?ET (l—ze—iecosq>)_m(l-zeie(*.os<1>)_6 .

o (a)k(s)ﬂ /ize_iesin¢ \k/ izeiesind))Z

»4£=0 kil \l-ze_lecos¢/ \l—zelecos¢
(cosp) ¥ (sintp) D (cost) 27 ap .

= §. Then

(cost) S (sing) 2V cosin) Y ay =

/
2120 (4 (k£ 41)) T (y)

T (k+ 2+ 1) +y) if k+£ is even,

0 if k+£ is odd.

\

1.2(15)], the left hand side of (1.27) equals

—ze_lecos¢)_a(l—zelecos¢)-8.




13

(o]

@y ®p Dyt (ize im0 ¥/izePaing U _

° ' T — . ’ =
k,£=0 A (Y+£)%(kiﬂ) \l—ze lecos¢/ \l—zelecos¢”
k+f even

= (l—ze“iecos¢)-—(‘L(T-zeiecosdﬂ_B .

= 2 ®), @, , B

-zzsin2¢ \P
1 AN T
P=0 £=0 'eﬁ (2p ’E) ° (Y+2)p \

1—22cos¢cose+zzcos2¢
-1 1 2p~
. /eiB/l—ze 1ecos¢\2\2£ 2p
—_*—_' °
l—zelecos¢ /

By substitution of (1.3) this equals

. _ . o €)) 2.2 P
(1-ze leCOS(I)) 0L(I‘Zelec‘-os‘b) 8 ) ( +1§ ( zsin ¢ 2 2 \ )
=0 ‘Y72 p ‘1-2zcos¢cos6+z cos ¢/

. C(a,B)/eief}—zejiecos¢>%\.

2p ]—zelecos¢

7inally, substitution of (1.24) leads to the right hand side of (1.27). [

OROLLARY 1.8. If Re(a+B) > 0, z € €, |z| < 1 then

o . ci(atB)
(1.28) ] 2e{® @ X

k=0 ci(“+3)(1)

(cos¢)

- /l—zeiee—i¢ \%(a-B)

2. -1
.16 _-1s / (1-2zcos ($+6) +22) "2 (@+B)

-2

4zsingsin® \

1—22cos(¢+6)+z2

. 2F1<%(a+6),a;a+8;
JROOF. Use [4,5.10(1)]1. O

{EMARK 1.9. Formula (1.28) has the following significance. As will be ap-
arent later in this paper, the main obstruction to finding the Poisson

ternel for the Dirichlet problem on the Heisenberg ball is the fact that an

(@,8) (o 18y oo

'xplicit kernel for the transform sending 2k=0 cka

I e 2c{"® ™) (lz1<1)
k=0




s not available. Formula (1.28) gives an answer to a related question. Due
o the orthogonality property of the Gegenbauer polynomials it provides the

© 1
ernel for the transform which sends 2k=0 ckCﬁ(a+B)(cos¢) to

e, (b)) 25 (0B (oify
k k
k=0
EMARK 1.10. C.F. Dunkl (personal communication, unpublished) obtained a
ual formula to (1.26):

6 de,

m
J C(a,s)(eie)C(Y,a) (eie)e15 (6-1/2) ; -1
m n

0
= -Y+

ith a+B 8§ = X, expressed in terms of a balanced ,F, of unit argument.
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. THE KELVIN TRANSFORM ON THE HEISENBERG GROUP

W. Thomson (Lord Kelvin) proved in 1847 the following fact: If U is

armonic onﬁR3 then the function V defined by

V(x,y,2) := ar_lU(azr-zx,azr_zy,azr—zz)

/'2 2.2 . . 3
£ := vx +y +z",a>0) is harmonic on R™ \{0} (cf. KELLOGG [14,p.232]). For
1is reason the transformation U » V is called the Kelvin transform. In
>oking at DUNKL's [3, Theorem 1.6] expansion of the translated fundamental
>lution for LY on the Heisenberg group the authors of the present paper
»njectured, by analogy to the corresponding case for the Laplace operator,
1at this double expansion involves, beside harmoncis on the Heisenberg
coup, certain Kelvin type transforms of these harmonics, which should

Lso be Ly~harmonic. Indeed, in the case of L0 on H. we were able to give

1
1e formula for the Kelvin transform explicitly. Independently, KORANYI

7] obtained the Kelvin transform for general LY on a Heisenberg group Hn

I arbitrary dimension. He was guided by considering Hn as the nilpotent
ictor in the Iwasawa decomposition of a noncompact semisimple Lie group G
id by looking at the action of the Weyl group of G on Hn. Thus he could
1ess the general form of the formula for the Kelvin transform and by a cal-

ilation he could next prove it.
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n the following we will present a proof of the Kelvin transform which

n more conceptual and less computational than Koranyi's proof. We will
er Hn as a boundary of a symmetric space and obtain LY as a limit case
aplace-Beltrami type operator on this symmetric space. Thus L will

t the symmetries of the Laplace-Beltrami type operator. Y

s a side result we now have a canonical way of introducing LY on Hn

1 y, rather than only for y = n,n-2,...,-n+2,-n by an interpretation

O, (cf. FOLLAND & STEIN [6,55]).

orn = 1,2,... consider the group

G := {T e SL(n+2,¢) | T"JT = J},

0 0 -1
here J := 0 In 0 and T* means
ii o0 0

t of T. Then G is a noncompact connected semisimple Lie group iso-
c to SU(n+1,1). The group G acting on ¢n+2 with coordinates

2 2 - . .
,...,Wn+l) leaves the form |w. |"+...+|wy]| —Im(wown+]) invariant.

1
fferential operator A on ¢n+2 defined by

n 2 2 2
[P TE S F g M T

nvariant.
‘e now consider some structural facts about G (cf. HELGASON [10,Ch.6,

general structure theory). Let

K := {T ¢ G | T(i,0,...,0,1) = e %(i,0,...,0,1)

for some real ¢} = S(U(n+1)xU(1)),

A= {a_ = diag(e®,1,...,1,e °) | s ¢ R} =~ R,

. . . 2
1 iz ...1iz t+i]z]|
1 n
1 é 2z
= o= 1
N {nz,t t . : (z,t) € Cnxﬂi}
¢ 1 2z

n
1




hen G = KAN <s an Iwasawa decomposition of G. Note that

nz,tnz',t' = nz",t" with
2.2) (z",t") = (z+z2',t+t"+2Im z.2"),
here z.z' := X?=l zj zj'. Thus N is isomorphic to Hn’ the Heisenberg group

f real dimension 2n+l.

Let M and M' be the centralizer and normalizer, respectively, of A in
. Then

(detT)_%

0 0
M= {mT = 0 T O l T € U(n)}
0 0(detT) 2

-1
note that (detT) 2, and hence mp, Can assume two different values). Fur-
hermore, M is a normal subgroup of M', the Weyl group W := M'/M has order

wo and M' = M u mWM with

0 0 1
m = 0 I 0 .
W n
-1 0 0

Now G = MAN u MAN m _ MAN (disjoint union), a Bruhat decomposition of G.
ance the action of G as a trausformation group is completely determined by
1e actions of M,A,N and m .

Let N := m wa. A fact related to the Bruhal decomposition is that
MAN is open and dense in G. If N is considered as NMAN/MAN, open and dense
1 the flag manifold G/MAN, then G acts locally on N. Similarly, if NA is
)nsidered as NAK/K = G/K then G acts on NA. We will construct a G-space
1ich includes the G-space NA as an open G-orbit and the G-space N as the
undary of NA.

. +2
Introduce new coordinates CO""’Cn+1 on Cn :

( =0,1,...,n), =w

n+l

S wj/wn+1

J




g 3= (;O,cl,...,gn). Then the action of G on Cn+2, expressed in t

» new coordinates, takes the form

g-(C,Cn_H) = (g'c,U(C’g)Cn+])s

. n+l . . .
the action of G on the ¢-space C is a group action and u is a
>lier with respect to this action, i.e., a complex—valued function

¢ G satisfying

U(‘:’glgz) = U(gz-c’gl)]—l(c’gz) .

. + . .
-action on C" : and p are completely determined by the data in the

7ing table:

g.z U(ng)

1 -1
(co,(detT)zT.(cl,---,cn)) (detT) 2
2s s s -s
(e Lpr@ Cysers® ;n) e

. 2 .. vn —_
(C0+t+1|zl +21 Xj=1 Cjzj,;]+zl,...,§n+zn) 1
LI E N 1 .
> LR
CO CO CO 0

—

n terms of the coordinates CO""’Cn+l the differential operator |

'.1)) takes the form

2 2 2
-2 n/ 3 . 3 . 5 \
A=lg_ .1 [ Y- e 20, e 21T, =)
LS R LN T j 3,31 i 3T,at,)
2 2 2
: oy 3 . = 39 . )
+ 2i(z,-Cn) = + 21 ¢ —— - 2it —»————ﬁ=—].

for a,B in € and £ a smooth function on the z—space ¢n+]:




__=B-1-—a-1

-B

— =0
= A f
2.6) B erTaer £ = Ty Toyy a7 00
nere
n 2 2
9 . ? . =
2.7) A = ) (L2 _ +2i ¢, == -2i . =
a8 T .2\ 3L,3T; j 3,38, ja
2
) - 9 . 9 .
+ 2i(gymzy) 525535 +2i B A 2ia e

For fixed g in G and for (c,;n+1) in ¢n+] x € writ

(¢',g!' ) :=g.(g,z_..).

n+l n+l

et A' denote the operator (2.4) with Cj replaced by 53

18"

iMMA 2.1. For smooth functions f on ™! and with g'

s fixed, we have
By =0 ~B-l——
2.8) A, B(u(c,g) u(z,g) £(¢")) = u(z,g) u(z,

R00F. The G-invariance of A can be expressed by the fo

U 1 = Al 1 1
AF(Z',z ) = A'F(E,e) ).

ence

v B - ' - A v B
*) A(T Z £(2')) =2, "To,

o
n+l  Cn+l ;o £Eh

1e right hand side of (%) equals
—_0 — — 1
) chey PEL T T, EEn,
9

n+l n+l

y the use of (2.6). The left hand side of (*) equals




A(g B

B T e i ),

. use of (2.3), and, by (2.6), this can be written as

Brizmorly B<u<c,g>‘siiitgb'“f<c')).

n+l “n+tl "a,

rmula (2.8) follows by (2.3) and the equality of (*%) and (**%).

et D_, i= {z ¢ ¢! 12

2
. | gy 1™ le |7 < Img b

} acts transitively on Dn and the stabilizer of (i,0,...,0) in G

+1

Dn+1 = G/K. Also G acts transitively on 3D

...,0) in G is MAN. Hence 3D

U {«} and the stabil
n+1

n+1 U {o} = G/MAN.

. n
ntroduce new coordinates (t,x,z],...,zn) e R x R x € on the ¢-

Cn+1 by

. 2
’--9Cn) - (t+l(|Z| +X)szls---’zn)-

z = (z],...,zn). Note that 7 ¢ Dn+ = x >0; 7 ¢ aDn < x =0,

1 +1

. 2
(t+i(] z]| +x),zl,...,zn) = nz,ta%logx

(i’o’ e "O) b

. 2
t+1|z Z oo e =
( l | b4 ]’ n Z,t

his identifies Dn with NA and BDn with N = Hn and the local ac

+1 +1

f G on 3D can be transplanted to H_.
n+ n

1

'he operator Aa expressed in terms of the coordinates t,x,z],..q

s B
the form




2.12) a = %(n—Y)’ B = %(n""Y)’ y € €.

nen the restriction LY of Au 8 to x = 0 will be a differential operator on

Dn+1:
n 2
d . (9 - )
P TRl ACR TR o) &
J=1 1°%] ] ]
2
-2 e
3t

ow we optain from Lemma 2.1 and Table 1:

1EOREM 2.2. For smooth functions f on H and for g in G we have
1) L ((z,t30) " w(zm e " £ (2,0)) =

- w(z ) PG ™ ‘(LYf><g.<z,t>>,

here the local action of G and w are specified by:

g g.(z,t) u(z, tsg)
1 -1
n ((detT) Tz, t) ! (detT) 2
{ —
a (esz,ezst) i e 2s
s H
LA (z',t") (2, 1) i 1
z t ) | . 2
m , - | t+i|z|
w \tri|z| 2 t2+|z|4 J

Table 2




‘n other words, L is left Hn—invariant and invariant under the act

t) = (Tz,t) of U(n),

LY(f(Rz,RZt)) - RZ(LYf)(Rz,th)

S’

L /(|z|2+it)"“(|z|z-it)‘Bf/ z .- t )
M\ \t+i|z]2 t2+lzfI !

= (zlZin ™ a1 %in B @ p(—2—, =t 4) :
t+ilz]|” tT+|z|

le call the function KYf defined by

2 . \-o 2 .. \-B z -t
(K £)(z,t) := (lz|"+it) ~(lz]| -it) f( s
Y t+i.|z|2 t2+|z[4/

lvin transform of f.

ARY 2.3. If LYf =0 on Hn then LY(KYf) =0 on Hn\{(0,0)}.

MONICS ON THE HEISENBERG GROUP

‘hroughout assume (2.12) and +y # n,n+2,n+4,... . Define

@Y(z,t) := cY(IzI2+it)_u(|z|2—it)—B,

n-2 -n-1
T .

cY := T'(a)T(R)2

' is a fundamental solution of LY at 0 (with respect to standard

isation of Lebesgue measure):

LLAND & STEIN [6,86]. Actually, the fact that LY@Y = 0 outside O
s from (2.16). By the use of the analyticity of @Y outside 0




nd the left Hn—invariance of LY it now follows that LY is hypoelliptic
nd real analytic hypoelliptic, cf. FOLLAND & STEIN [6,§7]. In particular
f £ is a distribution on an open subset of Hn containing O and if f is

Y—hxnwonic, i.e.
3.4) L f=0,

hen f is real analytic, so it can be expanded as a power series around

ero. Because of (2.15) this power series can be rearranged such that
3.5) £=7 £,

ith absolute and uniform convergence in some neighbourhood of 0 and

here fm is a (solid) Heisenberg harmonic of degree m:

EFINITION 3.1. A function f on H is called Hn—homogeneous of degree m
f

3.6) £(Rz,R°t) = R (z,t), R > O.

EFINITION 3.2. A (solid) Heisenberg harmonic of degree m on H is a poly-

omial in zl,...,zn,z

Y-harmonic.

1’ ..,z , t which is H —homogeneous of degree m and

Because of the U(n)-invariance of LY and property (3.6), the class of
eisenberg harmonics of degree m can be decomposed as a direct sum of sub-
paces on which U(n) acts irreducibly. These subspaces were obtained ex-
licitly by GREINER [9] in the case n = 1 and by DUNKL [3] in the general
ase, later also by KORANYI [17] with a different proof. Here we will ob-
ain these subspaces in yet another way, somewhat related to Kordnyi's ar-

ument.

EFINITION 3.3. The space Hk 2 of complex (solid) spherical harmonics of

tdegree (k,L) on C consists of all polynomials P in zl,...,z s 1,...,z .

omogeneous of degree k in the zj 's and homogeneous of degree £ in the zj

nd satisfying

's
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n 2

(3.7) ] —2—p=o.
j=1 9z 0z,
i

PROPOSITION 3.4 (cf. KOORNWINDER [15], RUDIN [19,§12.2]).
(a) The group U(n) acts irreducibly on each space Hk ) (k,£=0,1,2,...; Zf

n = | then, moreover, k or £ = 0).

(b) Representations of U(n) on different spaces Hk p are inequivalent .
b

2, 2n-1
(c) L°(s )= o H | «2n-1
g kot | s?m

_ (n+k+l-1) (n+k+2) { (n+£-2) !

(@) Ny, g = dim H, Kl (-1 T (n-2) "

(e) If {Y],...,YNk K} is an orthonormal basis of Hk,ﬂ | s2n-1 then
N
k,£ Ty -1 n-2 2n-1
E Yj(E)Yj(n) = !SZn-ll Nk’leRk"e(g'n)s E,n € S s

j=1

where the disk polynomial Ri ) is defined in terms of Jacobi polynomials
p(®sB) ’
n Y

(a,!k_'z]) 2_
W0 (relty o Thenl Cr =D k-l _iGe-0)0
k—re P(a’lk_zl)(l) :
kAl
(£) If F is a bihomogeneous polynomial of bidegree (k,L) on c” then
kaL 2
F(z) = jZO |z Y.(2) with Y, e Hk—j,z-j'

THEOREM 3.5. The space of Heisenberg harmonics of degree m on H 18 spanned
by the functions

(CX.'*'/E, B+k-)

Hmmiety, (E¥ilzl?) Y(2),

(3.8) (z,t) » C

where m-k-£ > 0 and even and Y ¢ Hk X

PROOF. First we show that the function (3.8) is a Heisenberg harmonic of
degree m. Clearly, it is a Hn—homogeneous polynomial of degree m, so it is
left to prove that the function is Ly—harmonic. By (2.13) and (3.7) LY Y =
= 0, where Y(z,t) := Y(z). It follows from Corollatry 2.3 and the biho-..

mogeneity of Y that




L
Y
y the left N-invar
0=1L ((
Y
!
Y\,

he result follows
Conversely, le

linear combinatio
(z,t) »

here F is a bihomo

y Prop.3.4 F must
(z,t) &

here Y ¢ Hk 2 and

3

%) F(z,t) =

here, for each k,£
omogeneous polynom

he U(n)-invariance

LY(fk,K;

or some homogeneou

f degree }(m-k-£)-

12y (eril 2] %) Pyc

A7 erilz)

of LY and by (1.1)

212y (apri] 2 2

rC§a+£’8+k)(t+ilzl

of (2.15).
a Heisenberg harm

unctions

s polynomial of de

inear combination
s
Y(z),
k+£ =m, i.e.,
2
L(t,12]7)
L;3°7

LEy
j

E

0
en

Y .—s form a ba
k,£3]

degree 1i(m-k-£).

2
nomial g .
k,£;]

ce LYF = 0, it fol

)

‘tain

() =

(2)), t2 + IZI4 < 1.

f degree m. Then F must be

P»>q) and 2r+p+q =

ctions

(2),

r H and f

k,2

.1
k,2;]

m. Hence,

a

gain by Prop. 3.4 and by

,IZIZ)Y (2)

k,£3]

hat each of the terms in
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the right hand side of (x) is L_-harmonic, so we are left to prove that, if
the function (z,t) v f(t,lz[z)Yzz) is LY—harmonic with Y ¢ Hk 2 f a homo-
geneous polynomial of degree r, then f is unique up to a conséant factor.

We prove this by complete induction with respect to r. It is clearly true
for r = 0. Suppose it is proved for degree (f) = r-1. Suppose fi(t,lzlz)Y(z)
is LY—harmonic for i = 1,2, degree (fi) = r. Then g%—(fi(t,lzlz)Y(z)) is
Ly—harmonic of degree 2r-2+k+{ (cf. (2.13)), so, by the induction hypothesis,
there are \,u, not both zero, such that g%—(lfl+uf2) = 0. Hence

2 2 20
Xf](t,|2| )+uf2(t,IZI ) =clz|™,

so clzlze’Yr S(z) satisfies (3.7). Thus, by Prop. 3.4, ¢ = 0. Hence f1 and

f2 are proportional. [J

4. THE HEISENBERG BALL

4.1, The Dirichlet problem

The region

4.1) B := {(z;t) ¢ H | lz|%+t? < 1}
Hn n

is called the Heisenberg ball. We are interested in the Dirichlet problem

for LY(ty#n,n+2,...) on the Heisenberg ball:

) n

For given f in C(BBH ) does there exist a unique function u in c (B
n

n C(B,, ) such that
Hpy
(1) LY u=0 on BHn,

H

(ii) u=fon B ?
Hn

For vy = 0 the problem was solved by GAVEAU [8], who used probabilistic
methods, and by JERISON [12], who used analytic methods. For certain y # 0
the problem was solved by JERISON [13], to some extent.




In particular, we are interested in solving the Di
inding an explicit Poisson kernel P_ on B, x 3B_. suc
Y Hp Hp
>lution u is expressed in terms of f by

+.2) u(z,t) = f f(z',t‘)PY(z,t;z',t')ds(z',t')

BBHn

1is problem is still open for all y.
Let us introduce "spherical" coordinates p,$,£ ada

:isenberg ball by
i 2
+.3) (z,t) = (p sin’¢p&,p cos¢), p 20, 0 < ¢ < m,

In terms of the coordinates p,¢,£ the special Heis

3.8) take the form

(k+£) , (a+L,B+k)

l .
+.4) (0,6,6) > o"(sing) * e T E S (v (o)

v2. Green's formula for LY

The differential operators zj,Zj (j =1,...,n) and

g 3 .= 9
.= —— 4 iz, —
ZJ 9z, 123 ot ?
J
\.5) 97, 1= 2 _i5. 2,
J 3z. j ot
J
—
ot ’

>rm a basis for the left invariant vector fields on Hn

1 terms of these operators by
Z.Z.+Z.2.) + iyT.
( JJ 3113 v

f we introduce real coordinates Xj’ yj (g=1,...,n),

t problem by
the desired

o the

2n-1

harmonics

H , defined by
n

an be expressed

. = X.+1iy. then
J J yJ




E: ? 3., 9 )
= =1 — —_) (—— —
(4.7) L=t 1 UG+ 2y5 50 Gy *2y; 5p) +
i=1 J k|
d  _ gp. Oy( 8 _ 9 iy O
Gy T =i Gy, T 30 v gt
] N
Hence LY has principal symbol
v 2
(4.8) Py (Getiy, 0, (E,m,m) = =b ] [(g5+2y,m) "+ (n,=2x
Y Jj=1

(x+iy,t) € H ,(E,n,T) € I
n

which shows that LY is not elliptic. An associated bilinear

fields (&,n,T),(£',n",T') on Hn is defined by

(4.9) ((€,n,T) l (E"n"T'))Hn (x+iy,t) =
n
-1 42y . T+2y .1 .=2x, im2x T
1 jzl [(EJ+ yJT)(EJ y5T ) + (nJ XJT)(nJ X, T

Yow let @ be a nonempty open connected bounded subset of R"
booundary and let v = (vx,vy,vt) denote the outward normal at
in terms of the (x,y,t) coordinates. Write dx dy instead of

dxl,.

eesdx dy.5...,dy . Let ds be the surface element on 3Q.
n-l1 1 - n
u,v € C°(Q) n C (R). Let

Gu i= (au u u Ju EE)
= G 3R 0 5;;-,..., 5;;-, 5t

1 axn

Then Green's formula for LY reads:

4.10 (ul v-vL u)dxdydt =
( ) J Y — ) dxdy
Q
= J [u(VvIv)H - v(Vu Iv)H + iyuvvt]ds
59 n n
(cf. GAVEAU [8, Corollaire aprés Lemme 4] if y = 0).
Let us rewrite the right hand side of (4.10) in terms o

coordinates in the case @ = p BH . Then:
n
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or

Q2




4 -1 4
4.11) v=|ve)]| V@),
4. 12) 190™M | las = 1022 2 (sine) ™ apac
2n-1
(d¢ surface element on S ),
4 2 Jdu du du
Culvie N ], =-z]7 ) (x, — +y, =+ 2t D
Hn K * Bxk k ayk ot
ou Ju
-t} (y, = -x ).
L Ve By % 3y,
2fine
' du _ 9 io
}.13) 50 (z,t) := Y u(e z,t)[e=0.
1en:
, 4 __ 3 . du_ 2 du
+.14) (Vu|V(p ))Ian- p~ sing¢ 50 + p” cos ¢ 55 °
snce, (4.10) takes the form
)
, 1 2n . 9"
+.15) (uL_v=vL u)dxdydt = }p [psing (-u =
: Yoo 2n-1 9
pBH 0s
n tAY ou n-1
+ cos¢(u 35 Y §§9+2iy cos ¢ uvl](sing) dodg

Now apply (4.15) to the case of two Heisenberg harmonics

1 .
u(ps6,8) = p ™ (ging) 1RO (BHE0) (18 y

2m' +k+£
p

1 id ——
(sin¢)2( l¢)Y(E);

v(0,9,8) kD) g Lot 840

lere 0 # Y ¢ Hk X Then we obtain

n
J ((-m'+m)sind + i(y+€-k)cos¢).
0

ou
T

pe (4.4):
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n+k+l-1 CI(n% (n+y) +£, 1 (n=v) +k) (eid)

+ (sing) ) .

. Cé%(n~v)+k,%(n+Y)+ﬂ)(ei¢)d¢ - 0.

lication of Carlson's theorem (cf. TITCHMARSH [20,§85.81]) we conclude

((-m'+m)sin¢ + i(a-B) cosq>)(sin<1>)0L+B_l

O+——-nd

. Céa’s)(ei¢)0é§’a)(ei¢)d¢ =0, Re(a+B) > O.
unately, this does not provide a biorthogonality for the functions
since the weight function depends on m,m'. Only in the case a = B,
reduces to the orthogonality for Gegenbauer polynomials (cf. (1.9)).
a (4.16) was also obtained by Dunkl (personal communication, un-
hed) .

emarks on the Poisson Kernel

(a,B)

n [9] the spherical harmonics on H1 and the functions Ck were

d in an attempt to construct the Poisson kernel for LY on BHI. This

logous to the construction of the classical Poisson kernel in the unit

n R". The next step is to obtain orthogonality relations among the

-s. This we have not been able to do yet. For instance, L2(Sn_])
uniquely into a direct sum of O(n)-irreducible subspaces (spaces of

cal surface harmonics of a fixed degree), while LZ(BHn) contains

rreducible representation of U(n) occurring on some Hk,ﬂ’ countably

imes (cf.(4.4) and Theorem 3.5). Furthermore, an application of

s formula shows that the classical spherical surface harmonics of

‘ent degree are orthogonal, while in the Heisenberg case we obtain
only. These difficulties probably have connection with the fact that
is no natural group acting transitively on the Heisenberg unit sphere.

.r related fact may be that the equation Lyu = \u probably does not

ite in any coordinates adapted to the Heisenberg ball. (However, ob-

that LYu = 0 does separate in the sense of [16, Definmition 2.1].)




A well-known method of obtaining the Poisson kernel for A on the unit
all uses the Kelvin transform, Green's formula and the fundamental solu-
ion. However, in terms of the coordinates p,¢,&, formula (2.17) reads:

-2n 1y(n/2 ¢) £(o

4.17) (K,Yf) (p,¢,€) = 9ﬂ—¢,e—i¢g)-

ence, in general we have

(Kyf)(1,¢,E) # £(1,9,8)

nd the method used for the unit ball fails here.

Another way of deriving the Poisson kernel for A on the unit ball is
o derive first a Poisson kernel for each O(n)-irreducible subspace of
2( o ) separately and next to sum up all these kernels. The summands are
asily found because f in an O(n)-irreducible subspace of L2(Sn_l) is a
pherical surface harmonic of degree n, which has an harmonic extension £
o the ball given by u(x) := |x[nf(|x|_lx). Let us try to do the same for
he Heisenberg ball. Suppose that the Dirichlet problem is solvable and

1llow some formal reasoning. Under the action of U(n) the space C(BBH )

Cy, 0 3By )

feks Dy, "

here Y € Hk 2 By the U(n)-invariance of LY, the LY-harmonlc continuation
9 .

plits into subspaces Ck K(BBH ) on which U(n) acts as on H
ill be spanned by functions of the form (¢,&) » £(¢) (sing) 2

o the interior of such a function will have the form

)%(k+£)

Y(£) . Hence, in terms of the coordinates

Ps9,8) P uf’k’z(p:¢) (sing
,0,& and for functions f in Ck Z(BBHn)’ formula (4.2) will take the form
5

™
3 (k+£)
_ 1 ' /51n¢ \2
4.18) u(p,d),g) = Nk £|52n_l-] l Jzn—l f((b sg ) \Sln¢ }
? S

N2 IFTa
° P‘Y;k,z(p’d);d) )R-‘(,K(E 3 )dd) dg’.

ere we used Prop.3.4(e). The kernel Py-k 2 will have the property
3t

o
sy [ QLA Iy L Geseae =
0
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_ 92m+k+f—cr§% (n-v) +L, § (n+y) +k) (eiy .

) . . (a5 B)
Formula (4.19) defines Py;k,ﬂ if the functions ¢ » Ck (e

i¢) are, in some
sense, complete on [0,n]. This is, of course, true in the Gegenbauer case
Céa’a)(y € Z and £ - k = y in the case (4.19)). In view of (1.10) and
(1.11) {Céa,O)} and {Céo’s)} are also complete: Mergelyan's Theorem (cf.
RUDIN [18, Theorem 20.5]) states that every continuous function on

{ei¢|0 < ¢ < 7w} can be uniformly approximated by polynomials in one complex
variable.

In section 5 we show that if PY exists then the family

(a+k38+£) i¢
{o»Cp (e )0,1,...

is dense for k,£ ¢ Z and o = }(n-y), B = i(n+y).
5. THE EXPANSION OF THE TRANSLATE OF THE FUNDAMENTAL SOLUTION

Let @Y be the fundamental solution of LY at 0 as defined by (3.1). By

using the left Hn—invariance of LY and the obvious identity

_ -1
¢Y(z,t) = Q_Y((zst) )

we obtain

1oy ] =
LY(<I>Y((Z »t') (z,t)) =0,

L;Y(@Y<(z',t'>"‘(z,t>> =0,

where (z,t) # (z',t')'in both cases. Here LLY means the differential opera-
tor L'I expressed in terms of the primed variables. The function

@Y((-) l(z,t)) is analytic in a neighbourhood of 0 ((z,t)#0) and can thus

be expanded in terms of L_Y—Heisenberg harmonics. The expansion coefficients
will be LY—harmonic functions of (z,t) (|z|4+t2 large). In fact, Dunkl

[3, Theorem 1.6] explicitly obtained these coefficients. He proved it by

using an addition theorem for Heisenberg harmonics, which he first derived.




owever, the coefficients depending on (z,t) can be recognized as Kelvin
ransforms of LY-Heisenberg harmonics. This suggests a new and shorter
roof of Dunkl's formula, which we will present now.

Let KY denote the Kelvin transform with respect to the (z,t) variables.

hen, by (2.17):

5.1) v (z,t52',t") 1= KY(QY((Z',t')_l(z,t)» = (Jz|2+ie) (| 2| %-ie) B.

-1 Z t
*d ((Z',t') ( s = )) =
Y t+ilz] 2 24 2|

= cY(1+it|z'Iz—it']z|2+tt'+|z[2[z'|2—2iz'-z)ﬂu
. (1-it|z'|2+it'lz|2+tt'+[zlzlz'|2+Ziz-z')—8,
(z|*+eD (2" |*+e'D < 1.

n this region WY is real amalytic in z,t,z',t' and LY—harmonic in (z,t),

__-harmonic in (z',t'). Also:
2. =1, -=2.,2 Co
5.2) WY(RTZ,R t3R Tz',R "t'7) = WY(z,t;z ,t"), R>0, T € U(n).

or each k,£ choose a basis {Yk L;] .} for H K, L such that its restriction to
2n-1 is an orthonormal basis. Then it follows by Prop.3.4, Theor.3.5 and

ormulas (3.5), (5.2) that

) © N.
k,L
) YT a
n=0 k,2=0 j=1 m;k, £
C£a+£’8+k)(t+i|z|2)Y

W,Y(z’t;z'at') =

k,033 %
B+k,o+l) , 4. .| 1| 2\
c. (t'+i]z"| )Y 2,50
or certain coefficients a m3k, £ (not depending on j). This expansion ab-

olutely and uniformly converges for sufficiently small (lzl )(]z'|4+(t')).

It follows from (2.17) that




2., . - - -
‘(w,s) = (|w| +1s)_a(]w|2—18) B (K £) (—X¥ > S 7 -
s+i |w| s “+|wl
Hence
L) T @) = (2] o (a0 P
T v Ne,e k-, 2. m£,; 12 . .-mk
Y ) LT i (2] i) (|z]“-it) .
m=0 k,£=0 j=I 3
(a+l,B+ k) _ . .1 12 (B+k,a+L) . 22—
ey (-t+i]z] )Yk,z;j(z)cm (t'+i|z"] )Yk,z;j(.
so
-1 -2n ¢ v Ne,2
(5.3) L2, T (z,1) =p ) b
Y m=0 k,£=0 j=I e
=k =f 1 (=l 1 :
0 2m-k aeel( y+£ k)d’(sin(b)2(k+ve)crf13+k,d.+fe) (e1¢)Yk 2 _(g) o
5 ’J
vy 2mik+l o L (k) L (BHk,akl) o i o
(p ) (Sln¢ ) Cm (e )Yk,ﬂ;j(g'),
where
_ymtk=£ fiyw
myk,L =1 e’ m3k,L
Now we absolute and uniform convergence for sufficiently small p'/f
L e a L_Y-harmonic function on pﬁHn of the form
2 —
(z,t) := £(|z|",)¥(2),
where

n Hk 2 with Lz-norm 1. Then, by Prop.3.4, f is a C” -functior
b
{(x,y) "< p, x 2 0}. Let v(z,t) be given by the left hand side of
(5.3) z'|4+(t')2 < p4. Apply Green's formula (4.15). We obtain

oo

(z',t") = ) cm(p‘/p)zmcés+k’a+£)(ei¢')Y(Z'), p' < p,
m=0

(5.4)

where




5.5) ¢ = %bm;k,z ei('Y+£-k)¢(sin¢)k+£+n-lc(8+k,u+£)(ei¢

m ) :

O—=

« [sind (p g%—+2(n+m+k+£))+2i(y+k—£)cos¢] f(pzsin¢,p2cos¢)d¢

onvergence in (5.4) is still absolute and uniform for p' sufficiently
mall. If we make the particular choice

f(lle,t) = Cé§+k’a+£)(t+ilz|2)

hen, obviously,

_ 2m
cm = Sm,m.p .
ence (5.5) yields
™
-1 (B+k,o+l) , id, . (B+k,a+l) , i¢
S Ly [ c, (e”™)C (e™)
0

. ei¢(_Y+£_k)(sin¢)k+£+n—l[(m+m'+n+k+£)sin¢+i(y+k-£)cos¢]d¢

y applying again Carlson's Theorem (cf. TITCHMARSH [20, 5.81]) in the

ase m # m' and by applying (1.14) in the case m = m' we obtain for all
,8 in € with Re(a+B) > O:

C(a,B)

m

5.6) (ei¢)c;?’3)(ei¢)ei¢(3'“)(sin¢)“+6'l .

O3

[ (m+m'+o+B)sing+1i(a-B)cos¢ldd =
et BT r (q4) (avp)

a+f=2 6m m'"®
2 T'(a)T(R)m! ?

‘his formula was also obtained by Dunkl (personal communication, unpublished).

ike in (4.16), the weight function depends on m,m'. Only if o

= B this de-
endence on m,m' can be divided out. Formula (5.6) with m-m' even is a

pecial case of (1.14).

Formula (5.6) with m = m' yields the value of bm'k 2 in (5.3):

bR ]
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2n+k+£-1e%i(Y+k'£)"p(g+k)r(u+£)ml

(5.7) bm;k’z = m(m+k+L+n-1) ! N

Formula (5.7) together with (1.11) implies that, for each k,£,j and for each
€ > 0 the m—sum in (5.3) converges absolutely and uniformly if p'/p < l-g.
By combination of (5.3) with Prop.3.4(d) we get

(5.8) ) ((z',t')_l(z,t)) = p'2n Z (p,/p)k+£ei(—y+£-k)¢ .
Y K, £=0

} (k+2 -1 -2
L EN N pRie g (E°E") -

T bagge (P /00 o PO (@I B 147,

+ (sin¢ sing¢'

with convergence of the m—sums as above. This formula coincides with DUNKL
[3, Theorem 1.6].
Now we turn to the completeness question. First we have the interesting

result:

THEOREM 5.1. Let u be a Ly—harmonic funetion on By, which behaves under

U(n) as the irreducible representation of U(n) on Hk 2 Then the expansion
H

of u in terms of Heisenberg harmonics absolutely and uniformly converges

on each compact subset of By, -
PROOF. Apply (5.4), (5.5), (5.7). O

THEOREM 5.2. Suppose that the Dirichlet problem for LY on By 18 solvable
for some y and n. Then, for each k and for each continuous function g on
[0,m] there is a sequence g.>8y5+++s Of finite linear combinations of func-—
tions ¢ - Eéé+£’6+k)(el¢) such that

1
lim Ig(¢)"8j(¢)|(sin¢)2(k+z) = 0.
joeo

PROOF. The function f defined by

3 (k+£)

£(¢,8) := g(¢) (sing)? Y (€)




Y € Hk,K) is continuous on aBHn. Suppose that Y(&o) = 1 for some go

s2071 | et u be its LY—harmonic continuation to BHn' Then, by Theorem
2,

o

u(p,9,8) = 2 Cm

m=0

: 1
pZm Céate’8+k)(el¢)(pzsin¢)2(k+£)Y(g)

th absolute and uniform convergence for p in compact subsets of [0,1).

t ¢ > 0. For some p < 1 we have
lf(cb,E)-u(p,d),E)l < % e for all ¢,¢&

d for some M we have

(o]

| c psz(a+£’8+k)(el¢)| < i e for all ¢.
m" m
m=M+1

nce

M
lg(¢) - 1}

cmpzm+k+£Céa+£’B+k)(ei¢)|.(sin¢)%(k+£) < g. g
m=0

Since GAVEAU [8] and JERISON [12] showed the Dirichlet problem to be

ylvable for y = 0 this shows:
JROLLARY 5.3.

éﬁ,B)(ei

Span{C )Ia-Bl}

") (sin-
t dense in (sin-)lor’Bl C([0,7]) with respect to the uniform norm if

B8 e Z and o A B € {5,1,3/2,...}.

This was earlier conjectured by Dunkl {personal communication). In
recent preprint JERISON [13, Cor.10.2] solves some version of the
.richlet problem for LY for certain nonzero values of y. Theorem 5.2
plied to these cases will yield the completeness on [0,m] of the Céa’s)—s

)r a larger set of parameter values a,B.
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